We present a simple general method for calculating the speed of sound in conjugated polymers, as modeled by one-dimensional tight-binding Hamiltonians. We show how the elastic constants can easily be calculated by imposing a uniform strain on the system. This in turn yields the speed of sound. To illustrate the method we consider the Su-Schrieffer-Heeger model for polyacetylene. We compare our exact analytical expression for the speed of sound as a function of the electron-phonon coupling strength to results obtained previously by other authors, and we verify our results by means of numerical simulations. Most previous results grossly overestimate the renormalization of the speed of sound.
Conjugated polymers such as polyacetylene can be understood with concepts borrowed from the theory of onedimensional metals. For example, the alternation between carbon single and double bonds is a consequence of the fact that dimerizing the lattice lowers the electronic energy at the Fermi level. This is the Peierls instability. Polyacetylene, ͑CH͒ x , has a -bonded backbone and a valence band comprised of electrons. An important model for this system was proposed by Su, Schrieffer, and Heeger.
1-4 They model these physical elements in a linear tight-binding Hamiltonian in which the electrons are treated quantum mechanically but in which the atomic coordinates and bonds are treated classically. This theoretical framework simplifies calculations and exposes the basic physical mechanisms when the molecule is excited from its ground state.
In addition to including dimerization, the extended -electron system provides a screening mechanism which reduces the speed of sound. 5 A simplified calculation of this effect will be the subject of this paper. The sound velocity and the optical frequency have previously been calculated perturbatively using the dimensionless -electron-phonon coupling constant as the small parameter. These calculations lead to erroneous results which subsequently were often quoted in the literature. 2, 3 Here we will present a physically transparent and exact method of calculating the speed of sound and the optical frequency for long wavelengths. The calculation rests on elementary arguments that are borrowed from continuum elastic theory and assumptions on which models like the Su-Schrieffer-Heeger ͑SSH͒ model rest. Below we will first give the general idea on which our method is based, after which we will demonstrate the method by applying it to the SSH model. It should be clear, however, that the method is quite general in that it is applicable to a wide class of tight-binding models, both in one and in higher dimensions.
The basic idea underlying our approach is very simple. Consider for example a one-dimensional elastic medium. Long wavelength distortions in such a medium are governed by the continuum Lagrangian
Here U(x,t) denotes the displacement of a small volume with mass density , away from its position in the homogeneous, undistorted state, and C is an elastic coefficient. In the more general three-dimensional formulation such coefficients are known as Lamé coefficients. 6 We now apply this elastic theory to a solid with lattice parameter a, by applying a uniform stretch ␦, so that the lattice parameter a of the medium changes into aϩ␦. Thus, C(‫ץ‬U/‫ץ‬x) 2 ϭC(␦/a) 2 . The second term in Eq. ͑1͒ then is nothing more than the second-order change in energy density of the medium in the presence of a uniform stretch. In terms of the energy per lattice site we therefore have
where ␦␦ denotes the second derivative of with respect to a uniform stretch ␦. where M ϭa is the mass per lattice site. That it is not necessary to study finite wave vector q oscillations and then take the limit q→0 to calculate the speed of sound, can be understood as follows. Uniform stretch is in fact the qϭ0 mode when positions are expressed in relative coordinates. Our analysis will be based on the observation that the energy density , as a function of the stretch parameter ␦, can be calculated nonperturbatively rather easily in onedimensional tight-binding models. Combined with Eq. ͑2͒ this immediately gives the sound velocity. The only complication in applying this idea lies in the fact that as a result of the electron-phonon interaction, changes in the stretch ␦ are accompanied by changes in the dimerization amplitude u. The exact generalization of Eq. ͑2͒ to this more general case is given later in this paper ͓Eq. ͑17͒ below͔, and is based on the fact that the optical frequencies are much higher than the acoustical frequencies for long wavelengths, so that it is permissible to average over the fast optical modes in deriving the effective elastic energy as a function of the stretch ␦. We PHYSICAL REVIEW B 1 MARCH 1996-II VOLUME 53, NUMBER 10 53 0163-1829/96/53͑10͒/5986͑4͒/$10.00 R5986 © 1996 The American Physical Society note that this simple physical picture does not seem to have been exploited before. For example, previous approaches for the SSH model have usually been based on uncontrolled perturbation expansions. 8 In this paper, we illustrate our approach by applying it to the SSH model. This enables us to compare our results for the sound velocity to those obtained with different methods. This comparison will disprove the often quoted result, that the suppression of the sound velocity is linear in the electron-phonon coupling constant for small coupling.
2,3
Instead we find that this reduction is exponentially small for weak coupling. The validity of our physically transparent and technically efficient approach is further demonstrated, by comparing it with numerical simulations.
The SSH Hamiltonian is given by
with the -electron-lattice coupling written as
and the lattice part
In Eqs. ͑5͒ and ͑6͒, n numbers the ͑CH͒ groups 1 through N, u n is the displacement along the chain of the nth ͑CH͒ group relative to some reference position na, c n,s † (c n,s ) creates ͑annihilates͒ an electron with spin projection s at site n. The model parameters are t the hopping parameter for uniform spacing a between adjacent ͑CH͒ groups, ␣ the electron-phonon coupling constant, K the force constant for bond length deviations from equal spacing of the -bonding backbone, and M the mass of a ͑CH͒ group. The total chain length N will be assumed to be large enough to justify the neglect of end effects.
The -electron-lattice part of the Hamiltonian H el models the coupling of the -electrons to the lattice degrees of freedom, via a linear modulation with distance of the hopping frequency t. The first term in the lattice part of the Hamiltonian H l models a harmonic restoring force on the -bonded ͑CH͒ groups when displaced from equal spacing a, and the second term is the kinetic energy.
An expression for the energy of the ground state with uniform dimerization amplitude u is usually obtained by minimization of the energy after substituting the ansatz u n ϭ(Ϫ1) n u. Here we take a slightly different ansatz to accommodate a uniform bond stretching ␦:
Periodic boundary conditions are incompatible with this ansatz, since u N ϭu 1 can only be imposed for ␦ϭ0. where we have introduced the dimensionless variable zϵ2␣u/(tϪ␣␦), and where E is the complete elliptic function of the second kind. As explained above, the sound velocity can be expressed simply in terms of the second-derivatives ␦␦ , etc., as these play the role of elastic coefficients. Expanding the energyper-site (u,␦) about the equilibrium values (u គ ,␦ គ ϭ0) to second order, we have
where
Eq. ͑9͒ the second derivatives, evaluated at ␦ϭ0, are obtained as
where is the dimensionless electron-phonon coupling strength defined through ϭ2␣ 2 /(Kt), K is the complete elliptic function of the first kind, and where we have abbreviated E(ͱ1Ϫz 2 ) and K (ͱ1Ϫz 2 ) as E and K . Due to the coupling between the strain and the dimerization amplitude, through the coefficient u␦ ϭ ␦u , the expression ͓Eq. ͑3͔͒ for the sound velocity in a simple medium is not appropriate. An explicit derivation of the more general expression ͓Eq. ͑17͔͒ below, will be given elsewhere; 7 here we content ourselves with a simple heuristic argument: due to the arbitrarily large difference in the frequency of acoustic (␦) versus optical (u) modes in the q→0 limit, we may approximate ‫͑ץ‬u,␦ ͒ ‫ץ‬u
where the overbar indicates a time average on a time scale short compared to acoustical periods but long compared to optical periods. Put differently, the forces in the optical modes average to zero on acoustic time scales. We can obtain an expression for the value of the time averaged ⌬u for a given quasistatic stretch ⌬␦, by expanding Eq. ͑14͒:
so that the optical modes fluctuate about ⌬uϭϪ( u␦ / uu )⌬␦ for a given stretch ⌬␦. On substitution in Eq. ͑10͒ we arrive at an expansion for the effective energy with respect to the stretch ⌬␦, valid on acoustic timescales
Along the same lines as above, we then obtain for the speed of sound in the dimerized ground state
where c 0 ϭaͱK/M is the bare speed of sound and where the second derivatives given in Eqs. ͑11͒-͑13͒ are to be evaluated at the equilibrium values u គ and ␦ គ ϭ0. We stress that, within the adiabatic approximation for the electron dynamics, Eq. ͑17͒ is exact. Figure 1͑a͒ shows the reduction of the sound velocity as a function of the coupling strength . Note that, by expanding the coefficients in Eq. ͑17͒, we find an exponentially small renormalization of the sound velocity for small :
On the one hand, this contradicts the often quoted result 2, 3 that the sound velocity for small coupling is given by cϭc 0 ͱ1Ϫ2, and the dashed line in Fig. 1͑a͒ shows this behavior of the sound velocity as obtained by Rice et al. 8 On the other hand, Psaltakis and Papanicolaou 9 used a 1/n expansion technique for calculating the phonon spectrum, where n is the degeneracy of the -electron bands (nϭ2 for polyacetylene͒, and their result for the suppression of the sound velocity compares extremely well to our exact result.
To illustrate the validity of Eq. ͑17͒, we have also performed numerical simulations in which a sinusoidal modulation was superimposed on the dimerized ground state. The sound velocities were calculated by measuring the resulting periods of oscillations for different . As is clear from Fig.  1͑a͒ , where the diamonds represent the simulation results, the agreement with Eq. ͑17͒ is excellent.
It is perhaps not surprising that the effect of the coupling on the sound velocity is only exponentially small in the weak-coupling limit, and roughly linear for larger couplings. After all, the effect is a manifestation of the change in chain stiffness which in turn is directly related to the electronic gap. It is well known that the gap is exponentially small in weak coupling, crossing over to linear in behavior for larger couplings.
Since optical frequencies are finite as q→0, the optical frequency is given in terms of uu only:
where ⍀ 0 ϭͱ4K/M is the frequency at the band edge at Ϯ/a in the absence of dimerization. The solid line in Fig.  1͑b͒ shows the behavior of this optical frequency as a function of , while the dashed line depicts the weak-coupling result opt ϭͱ2⍀ 0 , ͑20͒ obtained from Eq. ͑19͒. Note that, in contrast to the weakcoupling behavior ͓Eq. ͑18͔͒ of the sound velocity, our weakcoupling result for the optical frequency ͓Eq. ͑20͔͒ and the result given in the literature 2,3,8 agree. The discrepancy between our exact result for the sound velocity and the result 8 obtained using perturbation theory in 
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, can be explained by noting that the weak-coupling behavior ͓Eq. ͑18͔͒ shows an essential singularity at ϭ0. This behavior can therefore never be obtained using perturbation theory in . On the other hand, the analytic behavior for small of the optical frequency ͓Eq. ͑20͔͒ can be obtained correctly using perturbation theory.
In summary, we have presented a technically simple and physically transparent way of obtaining expressions for the sound velocity and optical frequency which can easily be applied to other models. These quantities may serve as a guide to determine the validity of spectra calculated by other means.
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